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THERMAL BUCKLING OF SHALLOW SHELLS

M. A. MAHAYNI

Department of Mechanics and Aerospace Engineering, The University of Kansas, Lawrence, Kansas

Abstract-The large deflection equations for a thin shallow shell are modified to include thermal effects. The
temperature is considered to be an arbitrary function of the space coordinates.

The resulting equations are used to study thermal buckling and post-buckling behavior of a simply sup­
ported cylindrical shell panel, subjected to a parabolic temperature distribution along its axial direction. It is
assumed that the temperature is constant across the thickness of the shell and along its circumferential direc­
tion. Buckling charts for various curvatures, K" and aspect ratios, )., are presented for two cases of edge condi­
tions. In one case the edges of the panel are free to displace, and in the second case the edges are restrained.

The critical temperature is found to fall outside the practical temperature range of the material for K, ~ 200
in the free-edge condition and for K, ~ 50 in the restrained-edge condition.
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error function
intensity of lateral load
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INTRODUCTION

BECAUSE thermal stresses are assuming major importance in aerospace structures, their
determination has attracted widespread interest. Numerous references on thermal stability
of shells are reviewed by Anderson [1]. Most of the existing work is concerned with the
effect of thermal stresses on the stability of cylinders and cones [2-6].

The present investigation considers the stability of a simply supported, shallow,
cylindrical shell panel subjected to non-uniform temperature distribution. The tempera­
ture varies along the axial direction of the shell only.

Since the post-buckling behavior of the shell is of primary interest in this investigation,
the governing differential equations are based on the non-linear theory. An exact solution
of the resulting non-linear problem is not possible. However, an approximate solution
is obtained by applying the Galerkin's method

Numerical results for maximum temperature differences and displacements are
determined for two cases of edge conditions. The influence of the curvature parameter and
the aspect ratio on the critical temperature is investigated.

DIFFERENTIAL EQUATIONS

Let x and y be measured along the axial and the circumferential direction in the
middle surface of the undeformed shallow shell, Fig. 1. With u, v and w as the displace­
ment components of a point in the middle surface, the internal forces can be represented
in the following forms, including displacement terms up to second order,

jh/2 Eh [OU I (OW)2
N x = -h/2 <Txdz = 1-.u2 ox -kxw+ 2\OX

{OV 1(OW)2}] NT+.u --k w+- - ---oy y 2 oy 1-.u
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II

FIG. 1. Geometry of the shell.
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The equilibrium equations of an element of the shell are

oNx+ oNxy = 0
ox oy

oNxy + oNy = 0
ox oy

oMx+ oMxY_ Q = 0
ox oy x

oMxy + oMY_ Q = 0
ox oy y

oQx oQy f. 02W) f. 02W\ 02W

oX + oy +Nx\kx+ ox2 +Ny~y+ oy2) +2Nxy oxoy +q = 0

(2)

where the following simplified expressions for the change of curvatures and the unit
twist of the middle surface are used

(3)

The first two equilibrium equations are satisfied identically if

(4)

(5)

where 4> is the Airy stress function. Eliminating the variables u and v in equations (la)
and (4), the compatibility equation of the shell is obtained

1 (02W )2 02W 02W 02W 02W 1
EhV

4
4> = oxoy - ox2 . oi -kXoy2 -kYOX2 - EhV

2
NT ·

Expressing the shear forces Qx and Qy by the bending moments and taking into account
the last three relations (lb) and expressions (41 we obtain from the last equation of
group (2) the differential equation

For the cylindrical shell panel considered, kx = 0 and ky = l/R, the governing non-linear
equations reduce to

(7a)

(7b)
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SOLUTION OF THE PROBLEM

171

Consider a thin cylindrical shell panel, occupying the space

a a b b h h
-2 ~ x ~ 2; - 2 ~ y ~ 2 and - 2~ z ~ 2

The shell is free of transverse load and is subjected to a temperature distribution governed
by the following equation

where

IiT = Temperature difference

(8)

f = Tlx=a

e = Tlx=o

The edges of the shell are restrained in the transverse direction by simple rigid supports.
A solution of equations (7) which satisfies the boundary conditions is presented in the

form of the trignometric series

co

W= ~ An(COS nax .cos n:)" =
"=1,2,3... "=1,2,3 ...

(9)

where An are undetermined coefficients.
For a first-order solution only the first term of equation (9) is used The resulting

differential equation for <f> becomes

_1V4<f> = Ai(n2
)2 ~in2nx sin2ny _cos2nx cos2ny\

Eh ab \ a b a bJ

+~(~)2A1cos nx cos ny -ck.
R\a a b

The solution of eQc ~ion (10) is

where lX and Pare the in-plane forces N x and Ny at the edges of the panel

(10)

(11)
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(12)

The Galerkin method prescribes substituting equations (9) and (11) into equation (7b).
In general, the left hand side of equation (7b) will not be zero after this operation The
resulting function on the left hand side is the error function Q. To minimize the error the
undetermined coefficient of the deflection w must satisfy the integral

fal2 Jbl2
Q'Pn dx dy = O.

-a12 -b12

After carrying out the integration of equation (12), simplifying, and introducing the
following dimensionless quantities,

b2

K y = Rh'

(13)
_ a2b2

K = yck,

a cubic equation in Z 1 is obtained

n
6 (1 2) 3 [2n

2 1 n
2 J 2 [n

2 2 1
256 A2+A ZI - TKY(A+ I/A)2 +24 KyA JZI + 16 Ky (A+ I/A)2

n
6 (1 )2 n

4
n2(n2 1) 2 J (14)

+ 192(1-112) ;:+A -16(Px +PY)-.16\6-4 A 19 ZI

[
n2 -4 - 21

+ KyPx + 4n2 KyKA J = O.

To check the convergence of the series equation (9), the second-order solution is
obtained and compared to the first-order solution, Fig. 2. In this case the first two terms
of equation (9) are considered. The resulting equation for rj> becomes

_1_'rrj> = (n
2

)2 fAi 5sin2nx sin2ny _cos2nx cos2ny}
Eh ab t lab a b

SI' nx . 2nx ny 2ny
+2A 1A21.sm -;; sm~ . cos b cos b

nx 2nx ny 2ny nx 2nx ny 2ny}
-cos-cos -cos-' cos-- cos-cos-cos-cos-

a a b b a a b b (15)

3 {. 22nx . 22ny 2nx 2nx 2ny 2ny}]+A2 sm -sm --4cos-cos -cos-cos-
a b a a b b

+~(~JGICOS :x cos n: +2A2cos 2:x cos2n:~ - ck.

The solution of equation (15) is
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FIG. 2. Load-deflection curve for Jl = 0,3, ). = 1 and Px = Py = O.
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The integration of equation (7b), using the first two terms in equation (9) for wand
equation (16) for 4>, leads with simplification to the following simultaneous cubic equa­
tions in non-dimensional form

a1zi +azzfzz +a3z1zZ +a4z1z~ +aszf +a6zi+a7zi +asz1+a9zZ = fl(t'J.T)
(17)

b1zi + bzzizz + b3z1ZZ + b4Z1Z~ + bszf + b6Z~ +b7zi +bSz1+b9zZ = f2(tJ. T)

in which the coefficients aj, bi' fl and fz are functions of the parameters 2, K y, j1., 1(,
Px and Py , defined in the Appendix. 2 1 = Atlh and 2 2 = A 2/h.

NUMERICAL RESULTS

(a) The edges of the panel are free to displace in its plane
For this case the end forces Px and Py are equal to zero. Hence equation (14) reduces

to

The behavior of the shell is best described by plotting graphs of deflection in terms
of the maximum temperature difference for various values of the curvature K y and aspect
ratio 2. The results are shown in Figs. 2 and 3.

The convergence of the series is checked by solving equations (17) for the case where
2 = 1 and K y 100. The results are plotted in Fig. 2 for comparison.

(b) The edges of the panel are restrained from displacement in its plane
The average displacement of the middle surface in the x-direction is

ex = _~f+alz au dx.
a -a12 ox

This average varies in the y-direction. Its average over the y-coordinate is

Ifbl
Z

ex = b exdy.
However - biZ

(19)

(20)

au 1 (02
4) iP4» 1(OW)2

ox= Eh oy2-Jlax2 -2 ox +cT. (21)

The substitution of the values of the displacement wand stress function 4> in equation (21)
and integrating in accordance with equations (19) and (20) yield in non-dimensional form

- (a)2 12 tt
2

2 4 2 1 Jl 2- [! _,FJ
ex It = Pxll. -JlPy +g -21+ttzKy21(A. -Jl)' (1/A.+A.)2 242 K- +K3 (22)

where cfaz
!=-z·

h
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FIG. 3. Load--<ieflection curve for /.I = 0'3, K y = 100 and Px = Py = O.

For the panel with restrained edges, the average displacement along the x and
y-coordinates must vanish.

(24)
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The governing equation for the panel with restrained edges is finally obtained by
substituting Px and Py in equation (14). The resulting equation is

{n
6 (1 ~ n6 1 r, (1 2\1}z3 {n2 1 n2

2
256 ..12+,1) +1281-fl2efl

+ ,12+,1)J 1- 6 KY(A+1/A)2+24 KyA

(25)

- 2 (5 1\ (1)(1 ~ (J KY)
+KKyA 24- n9 +KY\)_fl2 ..12 +fl) +-3- = O.

14000 ,------,-----".------,,----.-.---.--r---,--,.-,--...,..-,

Ky=O

10000 f----t----++------H----T+-++-+t----+---f-ff--j

Of----t--:::::!!lI"'tft,==:---If---+-<--+t---+----+---j

4000 I.\f----t----t+---i+--'-;--+t-#'---+---j

6000 f-----t----f+---+t---+---+--r+---,--+-f.f-t-----j

2000

12000 f----t----++---+-++-+tt-i----+I---f-ffl

8000 f----t----t+-----i+---:--t--r+--t-+--+Hf---

.&K= h2 ck

- 2000 L-....__--'--__....LL__.LL-.L..L-->-..L..L-'--_-----'-__---'

-8 -4 0 4 8 12 16

Z, = w~ax

FIG. 4. Load-deflection curve for 1" = 0'3, A. = 1, J = 0 and ex = ey = 0,
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FIG 5. Load-deflection curve for Il = 0'3, K, = 30, J = 0 and ex = e, = o.

The behavior of the shell with restrained edges is studied by plotting the above equa­
tion for various values of the curvature K y and aspect ratio A.. The resulting graphs are
shown in Figs. 4 and 5.

CONCLUSIONS

The buckling temperature of a thin shallow cylindrical shell panel is found to be a
function of the curvature parameter, the dimensions of the shell, and the degree of
restraint of the edges.

The graphs obtained show that if the shell is subjected to a temperature difference,
which is larger than the critical value, snapbuckling may occur once sufficient perturba­
tions are present to overcome the energy barrier separating the stable equilibrium states.

From the results of the analysis, the following conclusions can be drawn:
(a) For the shell, with the edges free to displace in the middle surface, thermal

buckling may occur in the practical temperature range even for moderately high curva­
ture parameter; whereas for the shell with restrained edges buckling may occur in the
practical temperature range only for small curvature parameters.

(b) The value of the maximum deflection Wmax which corresponds to the critical tem­
perature increases with increased curvature parameter.
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(c) For the free-edge case the critical temperature difference value increases slightly
for higher aspect ratios; whereas for the shell with restrained edges the critical value
decreases considerably when the value of the aspect ratio is doubled. This decrease is
due to the larger influence of the in-plane edge forces.

(d) The use of the first-order solution is quite sufficient for engineering purposes.
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Resum~Les equations de flexion large d'une enveloppe mince peu profonde y sont modifiees pour inclure les
effets thermiques. La temperature est consideree en tant que fonction arbitraire des coordonnees dans l'espace.

Les equations qui en resultent sont employees pour etudier Ie comportement du gondolement thermique et
I'etat de l'apres-stabilite d'un panneau d'enveloppe cylindrique a support simple et soumis a une distribution
parabolique de la temperature Ie long de sa direction axiale. L'on a assume que la temperature est constante
a travers I'epaisseur de l'enveloppe et Ie long de sa direction circonferencielJe. Des diagrammes de stabilite
pour diverses courbures, Ky ainsi que des rapports d'aspect A, sont presentes dans deux cas de conditions de
rebord. Dans l'un des cas, les rebords du panneau sont libres de se deplacer, et dans Ie second les rebords
sont retenus.

L'on a trouve que la temperature critique baisse en dehors de la gamme pratique de temperature de la
matiere pour K, ;;::: 200 dans les conditions de rebords libres, et pour Ky ;;::: 50 dans les conditions de rebords
retenus.
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Zusammenfassung-Die grossen Biegungsgleichungen fUr eine diinne fiache Schale sind abgeandert um Warme­
einwirkungen einzuschliessen. Die Temperatur ist als eine willkiirliche Funktion der Raumkoordinaten erwogen.

Die resultierenden Gleichungen werden fUr die Untersuchung von Warmeknickfestigkeit und Nach­
Knickfestigkeitsverhalten eines einfach unterstiitzten zylindrischen Schalen stiiches, welches zu einer para­
bolischen Temperaturverteilung entlang seiner Achsrichtung unterworfen ist, verwendet. Es wird angenommen,
dass die Temperatur, quer durch die Dicke der Schale und entlang ihrer Umkreisrichtung konstant ist.
Knickfestigkeitstabellen fUr verschiedene Kriimmungen Ky und Streckungsverhaltnissen, X fUr zwei Faile von
Randbedingungen sind prasentiert. In einem Fall, die Rander der Schale sind frei fUr Verschiebung und im
zweiten Fall werden die Rander zuriickgehalten.

Es wurde gefunden, dass die kritische Temperatur ausserhalb des praktischen Temperaturbereiches des
Materiales fallt fUr K y ::=: 200 im Faile der freien-Randbedingung und fUr K y ::=: 50 im Faile der zuriickgehaltenen
Randbedingung.

A6cyPllKT-YpaBHeHHlI 60JIblllHX H3fH60B ,lIJIli TOHKOii rroBepxHocTHOii 060JIO'lKH H3MeHeHbI ,lIJIli BKJIIO­
'1eHHlI TepMH'IeCKOfO 3(j1cPeKTa. TeMrrepaTypa C'IHTaeTCli rrpOH3BOJIbHOii (jIYHKQHeii rrpocTpaHCTBeHHbIX
Koop,llHHaT.

TIOJIY'leHHbIe B pe3YJIbTaTe ypaBHeHHlI rrpHMeHlIlOTcli ,lIJIli H3Y'leHHlI TepMH'IecKHx rrp0,llOJIbIX H3fH60B H
rrOBe,lleHHlI rrOCJIe H3fH6a 06bl'I.HO rroMepliCHBaeMoii QHJIHH,lIpH'IeCKOii 060JIO'lKH rraHeJIH, rrO,llBepfllleiicli
rrapa60JIH'IecKoMy pacrrpe,lleJIeHHIO TeMrrepaTypbI B,lIOJIb ee oceBOfO HarrpaBJIeHHlI. TIpHHHMaeTClI, 'ITO
TeMrrepaTypa rrOCTOHHHa rrorrepeK TOnlIJ,HHbI 060JIO'IKH H B,lIOJIb ee rrepHcPePH'IeCKOfO HanpaBJIeHHlI.
Ta6JIHQa ,lInli rrp0,llOnbHbIX rrpOfH60B ,lIJIli pa3JIH'IHbIX H3fH6aHHii K y H y,llnHHeHHlI KaMepbI cropaHHlI
,\ rrpe,llCTaBJIeHbI ,!\JIH ,lIBYX CJIy'laeB COCTOllHHlI KpaH. B O,llHOM cny'lae Kpall rraHeJIH CB060,llHO rrepeMelIJ,aIOTClI,
a BO BTOpOM CJIy'lae Kpall OfpaHH'IHBaIOTCli.

Haii,lleHO, 'ITO KpHTH'IeCKali TeMrrepaTypa BbIXO,llHT 113 pll,lla rrpaKTH'IeCKOii TeMrrepaTypbI MaTepHana
,lIJIli K y ~ 200 B YCJIOBHlIX CB060,llHOfO Kpall H ,lIJIJI K y ~ 50 rrp1l yCJIOBHH OfpaHH'IeHHOfO Kpall.


