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THERMAL BUCKLING OF SHALLOW SHELLS

M. A. MAHAYNI

Department of Mechanics and Aerospace Engineering, The University of Kansas, Lawrence, Kansas

Abstract—The large deflection equations for a thin shallow shell are modified to include thermal effects. The
temperature is considered to be an arbitrary function of the space coordinates.

The resulting equations are used to study thermal buckling and post-buckling behavior of a simply sup-
ported cylindrical shell panel, subjected to a parabolic temperature distribution along its axial direction. It is
assumed that the temperature is constant across the thickness of the shell and along its circumferential direc-
tion. Buckling charts for various curvatures, K,, and aspect ratios, 4, are presented for two cases of edge condi-
tions. In one case the edges of the panel are free to displace, and in the second case the edges are restrained.

The critical temperature is found to fall outside the practical temperature range of the material for K, > 200
in the free-edge condition and for K, > 50 in the restrained-edge condition.
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undermined coefficients in equation (9)
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functions of the parameters 1, K, u, K, P, and P, defined in the Appendix
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p ab?
* Eh?
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P, pa”
Eh?

Q error function

q intensity of lateral load

R radius of curvature

T temperature function

u,v,w displacement components in the x, y, z directions respectively

z A
" h
¢ Airy stress function
o B average in-plane forces at the edges of the panel
1 4
b

INTRODUCTION

BECAUSE thermal stresses are assuming major importance in aerospace structures, their
determination has attracted widespread interest. Numerous references on thermal stability
of shells are reviewed by Anderson [1]. Most of the existing work is concerned with the
effect of thermal stresses on the stability of cylinders and cones [2-6]

The present investigation considers the stability of a simply supported, shallow,
cylindrical shell panel subjected to non-uniform temperature distribution. The tempera-
ture varies along the axial direction of the shell only.

Since the post-buckling behavior of the shell is of primary interest in this investigation,
the governing differential equations are based on the non-linear theory. An exact solution
of the resulting non-linear problem is not possible. However, an approximate solution
is obtained by applying the Galerkin’s method.

Numerical results for maximum temperature differences and displacements are
determined for two cases of edge conditions. The influence of the curvature parameter and
the aspect ratio on the critical temperature is investigated.

DIFFERENTIAL EQUATIONS

Let x and y be measured along the axial and the circumferential direction in the
middle surface of the undeformed shallow shell, Fig. 1. With «, v and w as the displace-
ment components of a point in the middle surface, the internal forces can be represented
in the following forms, including displacement terms up to second order,

h/2 2
N, = f g,dz = Eh l:ﬁu k,,w+l(év—v>
w2 1—-42%| 0 2\éx
v 1/ow Nz
+ﬂ{5—k "2 (6y> }]_ I—pu
h;2 E
N, = f o dz = 2N [‘3” ( ) (1a)




Thermal buckling of shallow shells 169

// Z'* u/ ’
—
NXLJ%&# -%g—)dx
: (Ny + ::" )dy Myy dx

FiG. 1. Geometry of the shell.
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The equilibrium equations of an element of the shell are
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where the following simplified expressions for the change of curvatures and the unit
twist of the middle surface are used
o*w *w *w

=5 b= 52 and  x,, = axdy’ (3)

X

The first two equilibrium equations are satisfied identically if

0%¢ o’¢ 0’

N,=—; N, =-— N, = —

x T 3y y =52 d Noy=-35

where ¢ is the Airy stress function. Eliminating the variables  and v in equations (la)
and (4), the compatibility equation of the shell is obtained

0w Pw Pw  Pw w1
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Expressing the shear forces Q, and @, by the bending moments and taking into account
the last three relations (1b) and expressions (4), we obtain from the last equation of
group (2) the differential equation

Fw ¢ w P ¢ Pw 3¢ & ,
DViw=22.29,0 998 29 °9e VM, (6
Viw ox? oy? +6y2 ox? 26x6y 6x6y+k"6y2+k”a 714 (1- )V r (6

For the cylindrical shell panel considered, k, = 0 and k, = 1/R, the governing non-linear
equations reduce to
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SOLUTION OF THE PROBLEM
Consider a thin cylindrical shell panel, occupying the space

E- _9<y<é and _ﬁ<z<ﬁ

2’ 27772 27 T2

The shell is free of transverse load and is subjected to a temperature distribution governed
by the following equation

<x<

NS

T = [f +k(x—a)?] (®)
where
— AT
==

AT = Temperature difference
f = Tlx=a
€= T|x=0

The edges of the shell are restrained in the transverse direction by simple rigid supports.
A solution of equations (7) which satisfies the boundary conditions is presented in the
form of the trignometric series

w= Yy An<cos%§--cosﬂ)"= Y Ay, 9)

n=1,2,3... b n=1,2,3...
where A, are undetermined coeflicients.

For a first-order solution only the first term of equation (9) is used. The resulting
differential equation for ¢ becomes

1 2\2
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where o and f are the in-plane forces N, and N, at the edges of the panel
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The Galerkin method prescribes substituting equations (9) and (11) into equation (7b).
In general, the left hand side of equation (7b) will not be zero after this operation. The
resulting function on the left hand side is the error function Q. To minimize the error the
undetermined coefficient of the deflection w must satisfy the integral

al2 b/2
| j Q¥, dxdy = 0. (12)
—af2vy —b/2

After carrying out the integration of equation (12), simplifying, and introducing the
following dimensionless quantities,

b? a A,
K=®mw *=%» % =%
(13)
. a’b? ab? Ba?
K="k B=gp ad h=%p

a cubic equation in Z, is obtained
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To check the convergence of the series equation (9), the second-order solution is
obtained and compared to the first-order solution, Fig. 2. In this case the first two terms
of equation (9) are considered. The resulting equation for ¢ becomes
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Fi1G. 2. Load—deflection curve for y = 03,1l =1and P, = P, = 0.
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The integration of equation (7b), using the first two terms in equation (9) for w and
equation (16) for ¢, leads with simplification to the following simultaneous cubic equa-
tions in non-dimensional form

a,23+ay23z, + a3z 2y + a4z 23 +aszi 4+ agZi + aqz3 +agzy +agzy, = fL{AT)
(17)
byz3+by22z,+ b3zy25+ bz 25+ bszi +bezi +byz3 +bgzy + bz, = fH(AT)

in which the coefficients q;, b;, f; and f, are functions of the parameters 4, K, u, K,
P, and P,, defined in the Appendix. Z, = A;/h and Z, = A,/h.

NUMERICAL RESULTS

(@) The edges of the panel are free to displace in its plane

For this case the end forces P, and P, are equal to zero. Hence equation (14) reduces
to

(1 )\, |27 1 . [P, 1 . /1 \?
EEE(F”)ZW S Kt | A Sy tea st

22 1), nt-4_
—%(%»5)221(}21-%[ — KyKAZJ -0, (18)

The behavior of the shell is best described by plotting graphs of deflection in terms
of the maximum temperature difference for various values of the curvature K, and aspect
ratio A. The results are shown in Figs. 2 and 3.

The convergence of the series is checked by solving equations (17) for the case where
4= 1and K, = 100. The results are plotted in Fig. 2 for comparison.

(b) The edges of the panel are restrained from displacement in its plane
The average displacement of the middle surface in the x-direction is

1 +af2 6
e, = ——J —dx. {19
al ., ox
This average varies in the y-direction. Its average over the y-coordinate is
1 b2
é, = E_[ e, dy. (20)
However -b/2
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The substitution of the values of the displacement w and stress function ¢ in equation (21)
and integrating in accordance with equations (19) and (20) yield in non-dimensional form
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F1G. 3. Load-deflection curve for gy = 03, K, = 100 and P, = P, = 0.

Similarly, the average displacement in the y-direction is
_({b\? 1 n_, 4 4 1 1 K A2
e’,(ﬁ> = P,,P—ny+?Z,-FK,,ZI +FKyZI (F_#)m+ﬂ— [f'l’K—:;—] (23)

For the panel with restrained edges, the average displacement along the x and
y-coordinates must vanish.

6, =¢&,=0

The solution of equations (22) and (23) for this condition yields
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The governing equation for the panel with restrained edges is finally obtained by
substituting P, and P, in equation (14). The resulting equation is
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FIG. 4. Load-deflection curve for g = 03, 1 = 1, f = 0 and &, = g, =0
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The behavior of the shell with restrained edges is studied by plotting the above equa-
tion for various values of the curvature K, and aspect ratio 4. The resulting graphs are
shown in Figs. 4 and 5.

CONCLUSIONS

The buckling temperature of a thin shallow cylindrical shell panel is found to be a
function of the curvature parameter, the dimensions of the shell, and the degree of
restraint of the edges.

The graphs obtained show that if the shell is subjected to a temperature difference,
which is larger than the critical value, snapbuckling may occur once sufficient perturba-
tions are present to overcome the energy barrier separating the stable equilibrium states.

From the results of the analysis, the following conclusions can be drawn:

(@) For the shell, with the edges free to displace in the middle surface, thermal
buckling may occur in the practical temperature range even for moderately high curva-
ture parameter ; whereas for the shell with restrained edges buckling may occur in the
practical temperature range only for small curvature parameters.

(b) The value of the maximum deflection W, which corresponds to the critical tem-
perature increases with increased curvature parameter.
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(c) For the free-edge case the critical temperature difference value increases slightly
for higher aspect ratios; whereas for the shell with restrained edges the critical value
decreases considerably when the value of the aspect ratio is doubled. This decrease is
due to the larger influence of the in-plane edge forces.

(d) The use of the first-order solution is quite sufficient for engineering purposes.
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APPENDIX

The values of the coefficients a;, b;, f, and f,
The following coefficients are used in equations (17), for the case where P, = P, = 0.
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Résumé—Les équations de flexion large d’une enveloppe mince peu profonde y sont modifiées pour inclure les
effets thermiques. La température est considérée en tant que fonction arbitraire des coordonnées dans ’espace.

Les équations qui en résultent sont employées pour étudier le comportement du gondolement thermique et
I'état de I'aprés-stabilité d’un panneau d’enveloppe cylindrique & support simple et soumis & une distribution
parabolique de la température le long de sa direction axiale. L’on a assumé que la température est constante
4 travers I’épaisseur de I'enveloppe et le long de sa direction circonférencielle. Des diagrammes de stabilité
pour diverses courbures, K, ainsi que des rapports d’aspect 4, sont présentés dans deux cas de conditions de
rebord. Dans 1'un des cas, les rebords du panneau sont libres de se déplacer, et dans le second les rebords
sont retenus.

L’on a trouvé que la température critique baisse en dehors de la gamme pratique de température de la
matiére pour K, > 200 dans les conditions de rebords libres, et pour K, > 50 dans les conditions de rebords
retenus.
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Zusammenfassung—Die grossen Biegungsgleichungen fiir eine diinne flache Schale sind abgeindert um Wirme-
einwirkungen einzuschliessen. Die Temperatur ist als eine willkiirliche Funktion der Raumkoordinaten erwogen.

Die resultierenden Gleichungen werden fiir die Untersuchung von Wirmeknickfestigkeit und Nach-
Knickfestigkeitsverhalten eines einfach unterstiitzten zylindrischen Schalen stiiches, welches zu einer para-
bolischen Temperaturverteilung entlang seiner Achsrichtung unterworfen ist, verwendet. Es wird angenommen,
dass die Temperatur, quer durch die Dicke der Schale und entlang ihrer Umkreisrichtung konstant ist.
Knickfestigkeitstabellen fiir verschiedene Kriimmungen K, und Streckungsverhiltnissen, A" fiir zwei Fille von
Randbedingungen sind prisentiert. In einem Fall, die Rénder der Schale sind frei fiir Verschiebung und im
zweiten Fall werden die Rinder zuriickgehalten.

Es wurde gefunden, dass die kritische Temperatur ausserhalb des praktischen Temperaturbereiches des
Materiales féllt fiir K, > 200 im Falle der freien-Randbedingung und fiir K, > 50 im Falle der zuriickgehaltenen
Randbedingung.

AGcTpakT—YpaBHenus OonblMX M3TMOOB Uit TOHKOM NMOBEPXHOCTHOM OGOMOYMKH M3MEHEHBI IUISl BKJIKO-
yeHus Tepmuyeckoro 3ddexra. Temmeparypa cyuTaeTcsi NMPOM3BONLHOM GyHKuUMEN NPOCTPaHCTBEHHBIX
KOOpAHMHAT.

TlonyyeHHble B pe3yibTaTe yPaBHEHUA MPUMEHAIOTCA 1T K3y4YeHUsA TEPMUYECKHX IPONOJIBIX H3THOOB U
TOBEJEHHUS MOciie M3ruba OOBIMHO MOANEePXKUBACMON LIMIHHAPHYECKOHR 0BOJIOYKH NaHead, noaBepriueics
napabonu4ecKOMy pacmpeie/IeHHIO TEMIEPATypbi BIOJIb €€ OCeBOro Hampasienusi. IIpHHMMaeTcs, uTO
TeMneparypa MOCTOSHHA INONEPEK TONMLMHBL O00NOYKM H BROJb €€ nepHPepHYeckOro HANpaBJCHHUS.
Tabnavua AA8 OPOAOJBLHBIX NPOrubOB A PA3IMYHBIX M3rHOaHui Ky M yIUIMHEHHS KaMepbl CropaHuf
ATIpeICTaBJICHBI LIS ABYX CIIy4aeB COCTOsIHUA Kpas. B oqHOM ciy4ae kpas naHenu cBo6onHO nepeMelLaroTes,
a BO BTOPOM CJIy4ae Kpasd OrpaHUYMBAFOTCH.

HalgeHo, yTo XKpuTHYECKad TeMNEepaTypa BBIXOAMT M3 pAAa NPaKkTHYECKOH TeMIepaTyphl MarepHana
s Ky = 200 B ycnosusx cBobonHoro xpas ¥ ang Ky = 50 npu yclioBUM OrpaHMYEHHOTO Kpas.



